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Abstract

This paper treats the natural convection in a layer of boron oxide, called a liquid encapsulant, which lies above a layer of a mol-

ten compound semiconductor (melt) between cold and hot vertical walls in a rectangular container with a steady horizontal mag-

netic field B. The magnetic field provides an electromagnetic (EM) damping of the molten semiconductor which is an excellent

electrical conductor but has no direct effect on the motion of the liquid encapsulant. This study uses a Chebyshev spectral colloca-

tion method to investigate the coupling between the natural convection in the boron oxide and melt.

� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The physical understanding of flows that occur dur-

ing melt growth of semiconductor crystals is key to the

development of optimal electromagnetic crystal growth
systems. Since molten semiconductors are excellent elec-

trical conductors, the melt motion can be damped and

controlled by a steady (DC) magnetic field in order to

control the species distribution in the crystal, which de-

pends on the convective and diffusive transport of the

species in the melt. Electronic and optical devices are

manufactured on single-crystal wafers sliced from ingots

of semiconductor crystals. Since the performance of any
device depends strongly on the uniformity of the local

concentration in the wafer on which it is produced, a

major objective during the solidification of any semicon-

ductor is to minimize segregation in the crystal.
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During the magnetic liquid encapsulated Czochralski

(MLEC) growth of compound semiconductor crystals,

such as indium-phosphide (InP), phosphorus gas is bub-

bled at high pressure through an indium melt, and the

indium and phosphorus fuse to form the compound
InP. A layer of boron oxide (B2O3) encapsulates the

melt to prevent escape of the volatile component (P).

A single-crystal seed is lowered through the encapsulant

which initiates solidification and crystal growth begins

in the presence of an externally applied magnetic field.

Morton et al. (2002) presented a model of dopant trans-

port during the MLEC process. Previous researchers

have investigated the effect of a steady magnetic field
on two-dimensional natural convection in rectangular

enclosures (Ozoe and Okada, 1989; Burr and Müller,

2001; Mossner and Muller, 1999; Di Piazza and Ciofalo,

2002; Authie et al., 2003; Garandet et al., 1992; Alchaar

et al., 1995). Previous research which has treated sys-

tems that have liquid encapsulation have neglected any

coupling between the natural convections in the mol-

ten semiconductor and in the liquid encapsulant and
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Fig. 1. Two-dimensional problem with a liquid encapsulant and

molten semiconductor with a uniform, steady, horizontal magnetic

field Bx̂ and with coordinates normalized by the distance between the

hot and cold vertical walls.
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assumed that the liquid encapsulant is stagnant (Ma

et al., 1998; Ma and Walker, 1995). Recently, Kuniholm

and Ma (2003) used an asymptotic analysis in order to

investigate the interaction between the melt and the

encapsulant in a rectangular enclosure with strong mag-

netic fields. Series and Hurle (1991) and Walker (1999)
have reviewed the use of magnetic fields during semicon-

ductor crystal growth.

Recent experiments (Riemann et al., 1996) have

shown some very promising results with a steady hori-

zontal magnetic field, which is obtained by placing the

crystal-growth furnace between the pole faces of an

iron-yoke magnet. Williams and Walker (1990) have

investigated the effects of a horizontal magnetic field
on melt motion during Czochralski crystal growth. Pre-

viously, we treated the simplified asymptotic equations

which are valid for a strong magnetic field for which

Ha � 1 (Kuniholm and Ma, 2003). Here, the Hart-

mann number is Ha = BL(r/l)1/2, where B is the mag-

netic flux density and L is the width of the molten

semiconductor (melt) or liquid encapsulant while r
and l are the melt�s electrical conductivity and dynamic
viscosity, respectively. We investigated the coupling be-

tween the natural convection in the liquid encapsulant

and in the molten semiconductor in a rectangular

enclosure with a strong horizontal magnetic field. For

a strong magnetic field, we were justified in neglecting

effects of inertia and convective heat transfer (Ma and

Walker, 2001). In an asymptotic solution for the iner-

tialess convectionless melt motion for Ha � 1, the melt
is divided into (i) an inviscid core region, (ii) Hartmann

layers with an O(Ha�1) thickness carrying an O(Ha�1)

flow adjacent to the hot and cold walls, and (iii) parallel

layers with an O(Ha�1/2) thickness carrying an O(Ha1/2)

flow adjacent to the bottom wall and adjacent to the

encapsulant–melt interface. The Hartmann layers have

a simple, local, exponential structure, match any verti-

cal core or parallel layer velocities, and satisfy the
boundary conditions along the hot and cold walls.

We consistently neglected an O(Ha�1) perturbation, ne-

glected the Hartmann layers and relaxed the no-slip

conditions along the core adjacent to the hot and cold

walls.

In the present study, we investigate the natural con-

vection in the same configuration as Kuniholm and

Ma (2003). The configuration treated here is a very sim-
plified model for two-dimensional flow in a rectangular

enclosure. The flow would be very different for a three-

dimensional configuration. The purpose of the present

study is to develop a computational method and to

understand the basic physics in a simplified problem.

However, this investigation is very different from our

previous asymptotic treatment because we use a numer-

ical approach to treat the full equations in the entire vol-
ume of the melt so that our solution is valid for any

value of the magnetic field strength.
2. Problem formulation

This paper treats the two-dimensional natural convec-

tion in two layers of fluid with a molten semiconductor

(melt) encapsulated by a layer of boron oxide in a steady

horizontal or transverse magnetic field Bx̂. Here, B is the
magnetic flux density while x̂ and ŷ are the unit vectors

for the Cartesian coordinate system. Our dimensionless

problem is sketched in Fig. 1. The coordinates and

lengths are normalized by the length of the melt or boron

oxide L, so that a and (c � a) are the dimensionless

depths of the melt and boron oxide, respectively. Along

x = 0 and x = 1, the liquids are maintained at tempera-

tures Tc and Th, respectively, where Th > Tc. The bound-
aries at y = 0 and y = c are thermal insulators. Here, the

fluid flows are driven by the temperature difference so

that the characteristic velocities for the natural convec-

tion in the melt (Hjellming and Walker, 1987) and in

the encapsulant are

U ¼ qgbðDT Þ
rB2

; Ue ¼
qegbeðDT ÞL2

le
; ð1a; 1bÞ

respectively, where (DT) = Th � Tc is the characteristic

temperature difference and g is gravitational accelera-

tion. Here, q, b, and r are the density, thermal volumet-

ric expansion coefficient and electrical conductivity of

the melt while qe, be, and le are the density, thermal vol-

umetric expansion coefficient and dynamic viscosity of

the encapsulant. We use the thermophysical properties
of molten indium-phosphide and boron oxide, as shown

in Table 1. With (DT) = 50 K and L = 5 cm (Farrell and

Ma, 2002), the characteristic velocity in the encapsulant

is Ue = 0.014065 m/s while the characteristic velocity in

the melt is 0.006284 or 0.00006284 m/s for B = 0.5 or

5 T, respectively.

The electric current in the melt produces an induced

magnetic field which is superimposed upon the applied
magnetic field produced by the external magnet. The

characteristic ratio of the induced to applied magnetic

field strengths is the magnetic Reynolds number,



Table 1

Thermophysical properties of molten InP and B2O3

Property Molten InP B2O3

Viscosity (Pa s) 8.19 · 10�4 10

Density (kg/m3) 5050 1530

Specific heat (J/kg K) 424 1864.3

Thermal conductivity (W/m K) 22.8 2.0

Thermal volumetric expansion

coefficient (K�1)

4.44 · 10�4 7.5 · 10�5

Electrical conductivity (X�1 m�1) 7 · 105 0.0
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Rm = lprUL, where lp is the magnetic permeability of

the melt. For all crystal-growth processes, Rm � 1 and

the additional magnetic fields produced by the electric
currents in the melt are negligible.

Using the Boussinesq approximation, the natural

convection in the melt is governed by

N�1ðv � rÞv ¼ �rp þ T ŷþ j
 x̂þ Ha�2r2v; ð2aÞ
r � v ¼ 0; ð2bÞ
r � j ¼ 0; ð2cÞ
j ¼ �r/ þ v
 x̂; ð2dÞ
Petðv � rÞT ¼ r2T ; ð2eÞ

where v ¼ ux̂þ vŷ is the melt�s velocity normalized by

U, p is the deviation from hydrostatic pressure normal-

ized by qgb(DT)L, j is the electric current density nor-

malized by rUB, / is the electric potential normalized

by UBL, and T is the deviation of the melt�s temperature

from Tc normalized by (DT). Eq. (2a) is the Navier–
Stokes equation the interaction parameter N = rB2L/

qU is the characteristic ratio of the electromagnetic

(EM) body force term to the inertial terms. Eqs. (2b)

and (2c) are conservation of mass and electric current,

respectively. Eq. (2d) is Ohm�s law for a horizontal mag-

netic field. Eq. (2e) is the energy equation where the

thermal Péclet number Pet = qcpUL/k is the characteris-

tic ratio of convective to conductive heat transfer. Here,
cp and k are the melt�s specific heat and thermal conduc-

tivity, respectively.

For the present plane recirculating flow in the melt,

the condition of zero net electric current in the z direc-

tion in combination with electrically insulating bound-

aries implies that the electric field is zero (Hirtz and

Ma, 2000). The only non-zero component of the electric

current density, normalized by rUB, is given by Ohm�s
law, jz = �v.

With the Boussinesq approximation, the natural con-

vection in the encapsulant is governed by

Reðve � rÞve ¼ �rpe þ T eŷþr2ve; ð3aÞ
r � ve ¼ 0; ð3bÞ
Peteðv � rÞT e ¼ r2T e; ð3cÞ

where ve ¼ uex̂þ veŷ is the encapsulant�s velocity nor-

malized by Ue, pe is the deviation of the encapsulant�s
pressure from the hydrostatic pressure normalized by

leUe/L, and Te is the deviation of the encapsulant�s tem-

perature from Tc normalized by (DT). Here, le is the dy-

namic viscosity of the liquid encapsulant. Eq. (3a) is the

Navier–Stokes equation where the Reynolds number

Re = qeUeL/le is the characteristic ratio of the inertial
force to the viscous force in the encapsulant. Here, qe

is the encapsulant�s density. Eq. (3b) is conservation of

mass. Eq. (3c) is the energy equation where the encaps-

ulant�s thermal Péclet number Pete = qecpeUeL/ke is the

characteristic ratio of convective to conductive heat

transfer in the encapsulant. Here, cpe and ke are the spe-

cific heat and thermal conductivity of the encapsulant,

respectively.
We apply the no-slip and no-penetration conditions

along the walls at x = 0, x = 1, y = 0 and y = c. Along

the planar interface, the no-slip and no-penetration con-

ditions (Farrell and Ma, 2002) are

uðx; aÞ ¼ kb

kl
Ha2ueðx; aÞ; for 0 6 x 6 1; ð4aÞ

vðx; aÞ ¼ 0; for 0 6 x 6 1; ð4bÞ
veðx; aÞ ¼ 0; for 0 6 x 6 1; ð4cÞ

where kb = qebe/(qb) and kl = le/l. With boron oxide

and molten indium-phosphide, kb = 0.051177 and

kl = 12210. The stress is continuous across the interface

(Farrell and Ma, 2002) so that

ou
oy

ðx; aÞ ¼ kbHa2
oue
oy

ðx; aÞ; for 0 6 x 6 1. ð5Þ

Here, the gradients of the interfacial tension due to gra-
dients of the temperature or of concentration along the

encapsulant–melt interface are negligible (Kuniholm

and Ma, 2003). A measure of the effects of interfacial

tension gradients is the Marangoni number for the

encapsulant, Mae ¼ qeð�dC=dT ÞðDT ÞL=l2
e , where C is

the interfacial tension of the encapsulant–melt interface.

There are no published data on the tension of an inter-

face between a liquid semiconductor and boron oxide. If
we use the values of C for a liquid-silicon free surface,

which are certainly much larger than those for an

encapsulant–melt interface, we find that Mae = 0.00516

for our typical process.

The temperatures along x = 0 and x = 1 are the cold

and hot wall temperatures, respectively, while the top

and bottom of the container are insulated. The temper-

ature and heat transfer in the melt and in the encapsu-
lant are continuous across y = a. Therefore, the

thermal boundary conditions are

T ð0; yÞ ¼ 0; for 0 6 y 6 a; ð6aÞ
T eð0; yÞ ¼ 0; for a 6 y 6 c; ð6bÞ
T ð1; yÞ ¼ 1; for 0 6 y 6 a; ð6cÞ
T eð1; yÞ ¼ 1; for a 6 y 6 c; ð6dÞ



M. Yang, N. Ma / Int. J. Heat and Fluid Flow 26 (2005) 810–816 813
oT
oy

ðx; 0Þ ¼ 0; for 0 6 x 6 1. ð6eÞ

oT e

oy
ðx; cÞ ¼ 0; for 0 6 x 6 1; ð6fÞ

T ðx; aÞ ¼ T eðx; aÞ; for 0 6 x 6 1. ð6gÞ
oT e

oy
ðx; aÞ ¼ kk

oT e

oy
ðx; aÞ; for 0 6 x 6 1; ð6hÞ

where kk = ke/k. Here, k and ke are the thermal conduc-

tivities of the melt and the encapsulant, respectively.

With boron oxide and molten indium-phosphide,

kk = 0.08772.

Eqs. (2)–(6) were solved using a Chebyshev spectral
collocation method with Gauss-Lobatto collocation

points in x and y. Since Eqs. (2a), (2e), (3a), and (3c)

are non-linear, we used a Newton–Raphson iterative

method. We used rescaled coordinates for our spectral

collocation method. Our rescaled horizontal coordinate

is n = 2x � 1 so that �1 6 n 6 +1. In the melt, our re-

scaled vertical coordinate is g = (2y � a)/a so that

�1 6 g 6 +1. In the encapsulant, our rescaled vertical
coordinate is v = (2y � c � a)/(c � a) so that �1 6 v 6

+1. We use a sufficient number of collocation points in

order to resolve the velocity and temperature gradients.

The number of collocation points in each direction in

both the melt and the encapsulant were increased until

the results were independent of these numbers. Of

course, the required number of collocation points

increased as B was increased because the thickness of
the boundary layers decreased and the velocity gradients

increased. For example, for B = 1 T and a = 0.6, we used

31 collocation points in the n direction, 31 collocation

points in the g direction in the melt and 31 collocation

points in the v direction in the encapsulant. When we

doubled the number of collocation points in the n direc-

tion, the maximum value of the streamfunctions in the

melt and encapsulant changed by 0.08% and 0.1%,
respectively. When we doubled the number of colloca-

tion points in the g direction in the melt, the maximum

value of the streamfunction in the encapsulant did not

change and the maximum value of the streamfunction

in the melt changed by only 0.0004%. When we doubled

the number of collocation points in the v direction in the

encapsulant, the maximum value of the streamfunctions

in the melt and encapsulant did not change.
3. Results

During the liquid-encapsulated Czochralski process,

a molten semiconductor (melt) is contained in a crucible

which is heated by radio-frequency induction heating. In

order to keep the volatile component, i.e. P in InP, from
escaping, the melt is encapsulated with liquid boron

oxide. A single-crystal seed is lowered to the surface of

the melt and initiates solidification. The crystal grows
vertically downward into the melt and radially outward.

Once the crystal reaches the desired diameter, the crystal

is continuously ‘‘pulled’’ vertically upward until the en-

tire melt�s volume is solidified. Prior to solidification in

the liquid-encapsulated Czochralski process, the axisym-

metric melt is entirely encapsulated by the boron oxide.
After a single-crystal seed initiates solidification and the

crystal is pulled vertically upward, the encapsulant�s
depth increases and the melt�s depth decreases due to

solidification. Once the top of the crystal is pulled out

of the encapsulant, the encapsulant�s depth is constant

while the melt�s depth continues to decrease. The melt�s
depth decreases from an initial value of a = 0.6 until the

melt has disappeared. The purpose of the present paper
is to illustrate the degree of coupling for various mag-

netic field strengths so we only present results for

(c � a) = 0.2666 and for melt depths corresponding to

the beginning of growth for a = 0.6. The dimensionless

parameters as a function of the magnetic field strength

are Ha = 1461.76B, N = 4412.75B4, Pet = 7.3750B�2

and the characteristic velocity of the melt is U =

0.0015706B�2, where B is in T and U is in m/s. The char-
acteristic velocity in the encapsulant is Ue = 0.014065

m/s.

With the cold and hot walls at the left and right,

respectively, the temperature gradient drives counter-

clockwise circulations in both the melt and the encapsu-

lant. These circulations alone would lead to positive and

negative values of u in the encapsulant and in the melt,

respectively, near the interface. Therefore the shear
stress rxy along the interface is always positive, i.e., a

force to the left along the bottom of the encapsulant

and an equal force to the right along the top of the melt.

A positive value of u would reflect dominance by the

encapsulant�s circulation, resulting in a clockwise circu-

lation in the melt near the interface. A negative interfa-

cial u would reflect dominance by the melt circulation,

resulting in a clockwise circulation in the encapsulant
near the interface. For B = 5 T and B = 1 T, the interfa-

cial u is positive, which reflects a dominance by the nat-

ural convection in the encapsulant. For B = 0.4 T, the

interfacial u is negative, which reflects a dominance by

the natural convection in the melt but this dominance

decreases as the field strength is increased.

For a = 0.6, which corresponds to an early stage of

growth, we present the dimensional interfacial shear
stress for various magnetic field strengths in Fig. 2.

For B = 0.4 T, the natural convection in the melt is rel-

atively strong and produces a relatively large shear stress

along the bottom of the encapsulant. As the magnetic

field strength is increased, the magnitude of the natural

convection in the melt decreases roughly as B�2, as re-

flected by our choice for the characteristic velocity in

Eq. (1a). The effect of the electromagnetic damping is
reflected in the dramatic decrease of the maximum

magnitude of the melt�s velocity for a = 0.6 which is



Fig. 2. Interfacial shear stress rxy versus n with a = 0.6 for B = 0.4, 0.5,

1, 2 and 5 T.

Fig. 3. Isotherms and streamlines in the melt for B = 5 T and a = 0.6:

(a) T(n,g) and (b) w(n,g).
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0.02359 m/s for B = 0.4 T and 0.0005303 m/s for

B = 5 T.

For a = 0.6 and B = 5 T, we present the isotherms

and streamlines in the melt in Fig. 3a and b, respectively.

For this value of B, the dimensionless parameters are
Ha = 7308.8, N = 2.75797 · 106 and Pet = 0.294998,

and the characteristic velocity in the melt is

U = 0.000062824 m/s. The isotherms in Fig. 3a are verti-

cal which reflect that the heat transfer is dominated by

conduction. In the melt, the hot fluid rises adjacent to

n = +1, flows to the left along the encapsulant–melt

interface, sinks adjacent to n = �1, and flows to the right

along the bottom. For this strong field, there is a signif-
icant EM damping of the melt motion so that the max-

imum magnitude of the melt�s dimensional velocity is

0.0005303 m/s. The maximum magnitude of the encaps-

ulant�s dimensional velocity is 4.7007 · 10�6 m/s. In Fig.

3b, the maximum value of the streamfunction is 0.12983.

In an inertialess convectionless asymptotic treatment for

Ha � 1, O(Ha�1/2) parallel layers adjacent to g = ±1

carry an O(Ha1/2) flow. While the present solution is a
numerical solution for the full equations, there is still a

large flow adjacent to g = ±1, which is reflected in the

crowding of the streamlines adjacent to g = ±1 in Fig.

3b. We present the isotherms and streamlines in the

encapsulant in Fig. 4a and b, respectively. The isotherms

in Fig. 4a are vertical which reflect that the heat transfer

is dominated by conduction. In Fig. 4b, the encapsu-

lant�s circulation is counterclockwise with a positive
interfacial velocity and the maximum value of the

encapsulant�s streamfunction is 0.000024928. The natu-

ral convection in the encapsulant dominates and drives

a positive interfacial velocity in the melt and a clockwise
circulation inside the parallel layer along g = +1. That

is, along g = +1, u = +0.07375 at n = 0 and decreases
to u = 0 as jnj approaches ±1. The interfacial shear stress
of the slow-moving melt decreases the velocity of the

encapsulant but does not drive flow in the opposite

direction.

For a = 0.6 and B = 1 T, the dimensionless para-

meters are Ha = 1461.8, N = 4412.8 and Pet = 7.375,

and the characteristic velocity in the melt is U =

0.0015706 m/s. There is significantly less EM damping
of the melt motion and the velocity of the melt is much

larger. The maximum magnitude of the dimensional

velocity in the melt and in the encapsulant are

0.005912 and 0.0000026158 m/s, respectively. The inter-

facial shear stress is much larger, as shown in Fig. 2, so



Fig. 4. Isotherms and streamlines in the encapsulant for B = 5 T and

a = 0.6: (a) Te(n,v) and (b) we(n,v).

Fig. 5. Streamlines in the encapsulant we(n,v) for B = 1 T and a = 0.6.

Fig. 6. Streamlines in the encapsulant we(n,v) for B = 0.4 T and

a = 0.6.
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that the maximum value of the encapsulant�s stream-

function is 0.000016398. We present the streamlines in

the encapsulant in Fig. 5, in which the encapsulant�s cir-
culation is counterclockwise and the interfacial u is po-

sitive. In the melt, the maximum value of the

streamfunction is 0.12979 with the bulk of the flow cir-

culating in the counterclockwise direction. The natural
convection in the encapsulant dominates and drives a

positive interfacial velocity in the melt and a clockwise

circulation inside the boundary layer along g = +1. That

is, along g = +1, u = +0.0006523 at n = 0 and decreases

to u = 0 as jnj approaches ±1. The interfacial shear stress
of the slow-moving melt decreases the velocity of the

encapsulant but does not drive flow in the opposite
direction. In both the melt and the encapsulant, the heat

transfer remains dominated by conduction.

We further decrease the magnetic field strength to

B = 0.4 T with a = 0.6, the dimensionless parameters
are Ha = 584.7, N = 112.97 and Pet = 46.093, and the

characteristic velocity in the melt is U = 0.009816 m/s.

In both the melt and the encapsulant, the heat transfer

is still dominated by conduction. There is significantly

less EM damping of the melt motion and the velocity

of the melt is much larger as reflected in the maxi-

mum magnitude of the melt�s dimensional velocity

which is 0.02359 m/s. The maximum magnitude of the
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encapsulant�s dimensional velocity is 0.0000060506 m/s.

In the melt, the maximum value of the streamfunction

is 0.12935. The interfacial shear stress, which is pre-

sented in Fig. 2, is large enough to reverse some of the

flow in the encapsulant as reflected in Fig. 6 where the

minimum and maximum values of the streamfunction
are �0.000008873 and 0.000007387, respectively. Along

g = +1, u = �0.0005834 at n = 0 and increases to u = 0

as jnj approaches ±1. As shown in Fig. 2, the maximum

value of the interfacial shear stress is located at n = 0.208

and decreases as jnj approaches ±1. The deviation from

symmetry about n = 0 is reflected in the encapsulant�s
streamlines in Fig. 6.
4. Conclusions

The temperature gradient drives counterclockwise

circulations in both the melt and encapsulant. These cir-

culations alone would lead to positive and negative val-

ues of the horizontal velocity in the encapsulant and

melt, respectively, near the interface. The competition
between the two natural convections determines the

direction of the horizontal velocity of the interface.

For a = 0.6 and B = 5 T, there is significant EM damp-

ing of the melt motion and the encapsulant drives a

positive interfacial velocity and a small clockwise circu-

lation in the melt. For a = 0.6 and a much weaker field

B = 0.4 T, the maximum velocity in the melt is thou-

sands of times larger than that of the encapsulant, thus
causing a large fraction of the encapsulant�s volume to

circulate in the clockwise direction.
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